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Abstract

Fuzzy multiple comparisons procedures are introduced as a solution to

the problem of multiple comparisons for discrete test statistics. The

critical function of the randomised p-values is proposed as a measure

of evidence against the null hypotheses. The classical concept of ran-

domised tests is extended to multiple comparisons. This approach

makes all theory of multiple comparisons developed for continuously

distributed statistics automatically applicable to the discrete case.

Examples of both FWER (Bonferroni(1935)) and FDR (Benjamini-

Hochberg (1995)) procedures are discussed.
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1 Introduction

The problem of multiple comparisons spans a long time and a multitude of

publications, starting from Bonferroni (1935),(1936) [4], [5]. Bonferroni is

the most conservative of the Family Wise Error Rate (FWER) procedures,

i.e. procedures controlling the probability of committing any type 1 error in

families of comparisons under simultaneous consideration. Less conservative

FWER procedures using the observed individual p-values were introduced

by Simes (1986) [15], Hochberg(1988)[11] and Rom (1990) [12].

For discrete distributions the level α is not attainable. The procedures are

more conservative, and therefore less powerful. To overcome inherent diffi-

culties in working with discrete distributions, Tarone (1990) [18] managed

to reduce a number of comparisons by disregarding the hypotheses which

have no chance of achieving significance after the adjustment. Roth (1999)

[14] showed that Tarone’s procedure is not α-consistent, i.e. a hypothesis

accepted at a particular α–level can be rejected at a smaller level. He intro-

duced an improved Tarone procedure along with modifications of Hochberg’s

(1988) [11] and Rom’s (1990) [12] procedures for discrete distributions.

The lack of power of traditional multiple comparisons procedures motivated

Benjamini and Hochberg(1995)[2] to introduce a novel class of procedures

controlling the False Discovery Rate (FDR). This implies weak control of the

FWER and admits more powerful procedures. The proofs use the fact that

the p-values have a uniform distribution under the null. Their procedure is

referred to as the BH procedure in what follows. Benjamini and Yekutieli
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(2001) [3] studied the FDR procedures under dependency. An alternative

approach is to estimate the FDR, and Storey (2002) [16] and Storey, Taylor

and Sigmund (2004) [17] propose a family of point estimates, which has been

proved to be less conservative than BH procedure.

The use of discrete test statistics and the necessity of multiple comparisons is

especially widespread in novel genomics applications, such as genetics or mi-

croarray experiments. Gilbert (2005) [10] describes a typical genetics exam-

ple where the goal is to identify the ‘differentially polymorphic’ positions, i.e.

the positions at which the probability of a non-consensus amino-acid differs

between the two sequence sets. In his example Fisher’s exact test was used

118 times for 118 positions with no perfect consensus between two sequences.

Another common application is testing gene functional categories for inde-

pendence with respect to differential gene expression (eg. Al-Shahrour et al.

2004 [1]). Here again Fisher’s tests are used.

Even for continuous data, test statistics can be discrete. Microarray experi-

ments typically have few replicates (though many tests), 3-5 replicates being

a rule not an exception. One of the main objectives is the identification of

genes that are differentially expressed under two experimental conditions.

Rank or permutation tests are very often the statistical tests of choice (eg.

the SAM software [19]). With such small number of replicates even a per-

mutation t-test has a very discrete distribution. These examples make the

development of multiple comparisons procedures for discrete data paramount.
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Benjamini and Yekutieli (2001) [3] considered a case of discrete test statistics

and proved that the BH procedure is then conservative. Gilbert (2005) [10]

developed an FDR procedure for discrete distributions combining the Tarone

(1990) [18] ideas with the BH type procedure.

We use a different approach to multiple comparisons procedures, based on

the traditional idea of randomised tests (Cox and Hinkley (1974) [6]). Mul-

tiple tests are randomised independently. When a test critical function may

take on values between 0 and 1, the fuzzy sets terminology readily comes to

mind. This connection was discussed in Dollinger, Kulinskaya, and Staudte

(1996) [7] and applied recently to randomised tests and p-values by Geyer

and Meeden (2004) [8], [9]. We advocate using the test critical function as a

fuzzy measure of evidence against the null hypothesis.

The theory in this paper applies directly only to one-sided p-values or p-

values from symmetric distributions. Treatment of p-values for two-sided

tests with non-symmetric distributions is somewhat more technically in-

volved, see Geyer and Meaden [8], [9], and is not discussed.

In Section 2 we recap the notion of randomised or fuzzy p-values. Section 3

introduces a conceptually simple level–α randomised Bonferroni procedure.

Section 4 deals with the somewhat more complicated randomised BH proce-

dure. Discussion is in Section 5.
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2 Randomised p-values

Level–α statistical tests are the staple notion of statistics. When the distrib-

ution is discrete there is a difficulty in attaining an exact level. For a discrete

statistic with ordered values {x1, x2, · · · , xn, · · ·} taking on the value X = xi,

the traditional (‘crisp’) p-value for a one-sided test is pi ≡ P (X ≥ xi). Under

the null this p-value has a discrete uniform distribution, i.e. P (P ≤ pi) = pi,

as opposed to the continuous Unif(0, 1) distribution for p-values of continu-

ously distributed statistics.

This difficulty may be solved by the introduction of randomised statisti-

cal tests. Consider a discrete null distribution of a test statisic X. Let

P (X > c) < α and P (X ≥ c) > α. Then a critical function of a one-sided

randomised level-α test is equal to 0 for {x < c}, to 1 for {x > c}, and p

when x = c, with P (X > c) + p× P (X = c) = α (Cox&Hinkley, 1974)[6].

Traditionally this was interpreted as a need for an extra Bernoulli experiment

with probability of rejection p when X = c. An alternative interpretation

is that of a p-value itself becoming a random variable, uniformly distrib-

uted between two discrete consecutive values. The randomised p-value is

P (c) = P (X > c) + UP (X = c) for U ∼ Unif(0, 1) (Cox&Hinkley, 1974) [6].

In this work, we denote the crisp p-value for observation xi by pi ≡ P (X ≥
xi). The crisp p-value can be thought of as a function of the observed test

statistic. We will also need to know the previously attainable p-value, de-

noted by pi− ≡ P (X > xi) = P (X ≥ xi+1), pi− < pi. With this notation,
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the randomised p-value is Pi|xi ≡ pi− + U(pi − pi−) ∼ Unif(pi−, pi) condi-

tionally on xi. A self-evident but important corollary of this definition is

that the randomised p-value has unconditionally a Unif(0, 1) distribution.

Therefore all properties of multiple comparison procedures for continuous

test statistics are automatically fulfilled. This is the main justification for

our proposal to use randomised p-values in the multiple comparisons context.

Multiple tests are randomised independently, i.e. conditionally random vari-

ables Pi|xi, i = 1, · · · ,m are independent. Calculations of rejection proba-

bilities for the p-values in Sections 3 and 4 use this conditional independence.

3 Fuzzy Bonferroni procedure

We shall start from a level–α Bonferroni procedure. For m tests this proce-

dure selects the p-values less than α/m. For a discrete distribution level α is

not attainable and there are various attempts to rectify this (see Tarone(1990)

[18], Roth (1999)[14]). We propose to use a fuzzy Bonferroni procedure. This

is a combination of m independently randomised α/m–level tests. For each

of the m crisp p-values pi, i = 1, · · · ,m corresponding to test statistics Xi

with values xi, i = 1, · · · ,m let pi− be the previous attainable p-value for test

statistic Xi. Then, by definition, the randomised p-value Pi corresponding

to pi is uniformly distributed on the interval Ii = (pi−, pi).

Definition 3.1 The fuzzy Bonferroni procedure is defined by the marginal
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ni ki pi pi− pi − pi− rank α ∗ rank/7 τB(pi)
8 0 0.003906 0 0.003906 1 0.007143 1
10 1 0.010742 0.000977 0.009766 2 0.014286 0.631429
6 0 0.015625 0 0.015625 3 0.021429 0.457143
8 1 0.035156 0.003906 0.03125 4 0.028571 0.103571
10 2 0.054688 0.010742 0.043945 5 0.035714 0
6 1 0.109375 0.015625 0.09375 6 0.042857 0
8 2 0.144531 0.035156 0.109375 7 0.05 0

Table 1: Fuzzy Bonferroni procedure example. pi = P (Xi ≤ ki) is a p-value from

a 1-sided binomial test, Xi ∼ Bin(ni; 0.5); pi− is the previous attainable p-value, pi− pi−

is the length of the interval Ii, rank is the rank of the p-value pi, τB(pi) is the probability

of rejection by the fuzzy Bonferroni procedure.

critical functions of the randomised tests:

τB(pi) =

{ 0, α/m < pi−;
α/m−pi−
pi−pi−

, pi− ≤ α/m ≤ pi;

1, α/m > pi;

Example 1. Fuzzy Bonferroni procedure on Binomial tests

Consider the results of 7 one-sided Binomial tests rejecting for small values of

Xi ∼ Bin(ni; 0.5), i = 1, · · · , 7. The 7 p-values are given in Table 1, and the

support intervals are plotted in Figure 1. The standard level–0.05 Bonferroni

procedure compares p-values to 0.05/7 = 0.00714. Only the smallest p-value

is rejected in this case. The fuzzy procedure has three more candidates for

rejection, with probabilities provided in the last column of Table 1. The

data analyst would most likely consider the 2nd test a candidate for further

investigation, and possibly also the 3rd, since these have reasonably large

probabilities of rejection.
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So far we have not considered the question of ties which is one of the main fea-

tures of dealing with discrete distributions since there is a finite (or enumer-

able) set of possible p-values. Consider a tie of length l: p = pi+1 = · · · = pi+l.

Assume for simplicity that p− is the same for all p-values in the tie. When

p− ≤ α/m < p we would reject each of the p-values in the tie with probability

τB(p) = P (P < α/m) = (α/m−p−)/(p−p−), exactly as above. The probabil-

ity of zero rejections out of l is (under independence) T0,l(p) = [1− πB(p)]l,

and the probability of rejecting at least one of the l p-values in the tie is

1 − T0,l(p). Arguably this is a more appropriate probability of rejection of

the tie than the smaller individual probabilities τB(p).

Example 2. Consider the same data as in Example 1. Now let there be

two copies of p3 and three copies of p4, so that the total m = 10. The level

for individual comparisons is 0.005. Each copy of p2, p3 and p4 should

be rejected with probabilities τB(p2) = 0.412, τB(p3) = 0.320 and τB(p4) =

0.035. For rejection of the ties as a whole we have 1 − T0,2(p3) = 0.538 and

T0,3(p4) = 0.101.

4 Controlling FDR for a discrete distribution

In the usual continuous case, the BH procedure consists of ordering the p-

values, then examining them in turn starting from the largest one. Each

p-value i is compared with rank(i)α/m. In general the largest p-values will

be accepted. As soon as one p-value is rejected, all smaller p-values are also

rejected.
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This procedure can be written as:

• Order the m p-values p1 ≤ p2 ≤ · · · ≤ pm;

• find i0 = max{i : pi ≤ iα/m}; [i = rank(pi)];

• reject all Hi, i ≤ i0.

We start from a simple case of ordered non-overlapping support intervals for

randomised p-values (section 4.1). In this case the main difference from the

continuous case is due to the existence of ties. In the next subsection (4.2) we

proceed to the general discrete case, where the support intervals may over-

lap. The problem of ties for the general case is revisited in the last subsection.

4.1 Ordered non-overlapping support intervals

In this section we consider the simplest case when the same test is performed

m times independently, and the sample sizes are the same. The test statis-

tics have exactly the same discrete null distribution. There is a finite set of

possible p-values. Ties are likely.

We start by ordering the support intervals. In the case of a tie, the support

interval will contain more than one randomised p-value. For randomised p-

value i, we will call the probability of rejection τi. Within each interval j, all

randomised p-values have the same probability πj of being rejected (τi = πj

for all p-values i in interval j). In the non-overlapping case we only need to

calculate the πj.
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In a similar manner to the continuous BH procedure, we examine each

support interval in turn, starting with the interval corresponding to the

largest observed p-value. In general the intervals of the largest p-values

will be accepted. Then there will be some so-called fuzzy intervals, which

are rejected with some probability 0 < πj < 1 for interval j. As soon as one

interval is fuzzily rejected, all preceding intervals are fuzzily rejected, until

an interval is crisply rejected (πj = 1). Then all preceding intervals are also

crisply rejected.

First we must decide which intervals are fuzzy. Consider a tie of length

l starting from p = pi+1 and denoted by Tl(p): p = pi+1 = · · · = pi+l.

Assume, without loss of generality, that all hypotheses corresponding to p-

values larger than p are accepted. Note that the preceding value p− is the

same for all p-values in the tie, and all l randomised p-values are uniformly

distributed on the support interval I(p) = (p−, p] of length |I(p)| = p − p−.

The ranks of these randomised p-values vary from R− = R−(p) = i + 1 to

R+ = R+(p) = i + l. Denote the probability of rejection for each of l hy-

potheses in the tie by π(p).

There are 3 possibilities:

• p ≤ R+

m
α , the tie is crisply rejected, i.e. the probability of rejection is

π(p) = 1 for each hypothesis;

• p− < R+

m
α < p , the tie is fuzzily rejected, 0 < π(p) < 1;

• R+

m
α ≤ p− , the tie is accepted, i.e. π(p) = 0.
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Consider the fuzzy rejection case in more detail. Order the l-tuple of

randomised p-values for a particular realisation of the tie. The levels these

ordered p-values are to be compared to are α1 = R−
m

α, · · · , αl = R+

m
α. There

may be 0 ≤ k ≤ l p-values rejected. Denote a probability of exactly k

randomised p-values rejected out of l by Tk,l(p−, p), 0 ≤ k ≤ l. Let also

qk = max(0, αk−p−
|I(p)| ) for k = 1, · · · , l. Then

Tk,l(p−, p) = P{U(k) < αk, U(k+1) > αk+1, · · · , U(l) > αl} (1)

=
l!

k!
qk
k

∫ 1

qk+1

duk+1

∫ 1

max(uk+1,qk+2)

duk+2 · · ·
∫ 1

max(ul−1,ql)

dul

can be calculated by integrating over the joint distribution of the order sta-

tistics from Unif(0, 1): see Appendix for details. Given k rejections the prob-

ability that a particular hypothesis is rejected is
(

l−1
k−1

)
/
(

l
k

)
= k/l. Therefore

the unconditional probability that a particular hypothesis in a tie of length

l is rejected is π(p) = l−1
∑l

k=1 kTk,l(p−, p), i.e. the expected proportion of

rejections in Tl(p)).

Next consider decisions about the p-values in previous intervals in each of

the above cases.

• If the p-values in I(p) are crisply rejected, all the p-values in preceding

intervals are also crisply rejected.

• If I(p) is a fuzzy interval, with probability T0l(p−, p) no hypotheses in

I(p) are rejected, so the preceding interval I(pprec) may be accepted

or be crisply/fuzzily rejected on its own merit. With probability 1 −
T0l(p−, p) at least one hypothesis in I(p) is rejected, in which case

the preceding interval is crisply rejected. Therefore the probability
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of rejection for the preceding interval is π(pprec) = (1 − T0l(p−, p)) +

T0l(p−, p)l−1
∑l

k=1 kTk,l(p
prec
− , pprec) and the probability of no rejections

in the preceding interval is T0l(p−, p)T0l(p
prec
− , pprec).

• When the interval I(p) is accepted, the previous interval needs to be

examined as above.

More generally, we do not need the same null distribution; we need the or-

dered non-overlapping support intervals for randomised p-values. This BH

type procedure will be generalized to overlapping support intervals (arising

in a case of different discrete distributions) in Subsection 4.2.

Definition 4.1 Fuzzy BH procedure for ordered non- overlapping

support intervals. Let m ordered p-values have J ≤ m unique values

p1, · · · , pJ , with ties of length lj, j = 1, · · · , J ,
∑

lj = m. Let each cor-

responding randomised p-value be uniformly distributed on a support inter-

val Ij = I(pj) = (pj−, pj], where the intervals Ij, j = 1, · · · , J are non-

overlapping and are ordered by value of pj. Let the ranks of the p-values in

the j-th tie be from Rj− =
∑

t<j lt + 1 to Rj+ =
∑

t≤j lt.

Define sf = max{j : pj− ≤ Rj+

m
α} and sc = max{j : pj ≤ Rj+

m
α},

sc ≤ sf . Then all p-values in the interval Jreject = ∪{Jk, k ≤ sc} are crisply

rejected and all p-values in the interval Jaccept = ∪{Jk, k > sf} are accepted.

The fuzzy interval is defined as F = {Jk, sc < k ≤ sf}.
Let πj denote the unconditional probability of rejecting the p-values in

interval j (see Algorithm 1 for calculation). Then τi for p-value i is equal to

πj where j is the label of the interval corresponding to p-value i.
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Algorithm 1. Calculation of rejection probabilities in each interval.

Let interval j be (pj1, pj2]. (For the non-overlapping intervals case pj1, pj2 =

pj−, pj.) Let πj denote the unconditional probability of rejecting the ran-

domised p-values in interval j, and ηj be the probability of no p-values in

interval j being rejected.

• For j = J, J − 1, ..., sf + 1,

πj = 0, ηj = 1

• For j = sf , sf − 1, ..., sc + 1,

πj = (1− ηj+1) + ηj+1l
−1

∑l
k=1 kTk,lj(pj1, pj2)

ηj = ηj+1T0,lj(pj1, pj2)

• For j = sc, ..., 1,

πj = 1

Exact calculation of the Tk,lj(pj1, pj2) is given in the Appendix.

Lemma 4.1 For independent test statistics, and for m0 ≤ m true null hy-

potheses, the above randomised BH procedure controls FDR at exactly level

m0

m
α.

Proof. This is part of theorem 5.1 from [3], applicable to any continuous

test statistics. Generate an m-tuple of randomised p-values. They have the

continuous uniform distribution, and theorem 5.1 holds. Since the intervals

Ij are ordered, the p-values outside of the ‘fuzzy subset’ F = {Isc +1, · · · , Isf
}

are rejected or accepted regardless of their generated values. The FDR is ex-

actly m0

m
α, conditional on any generated realisation within the fuzzy subset
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F . The proof follows by integrating over all possible realisations.

Note that any other result for BH-type or similar multiple comparisons pro-

cedures proven for the continuous case is applicable to the case of ordered

support intervals in exactly the same way as was shown above.

Example 3. Fuzzy BH procedure for the same discrete distribution.

Consider m = 10 one-sided sign tests for n = 8 subjects, Si ∼ Bin(8, .5). Set

the FDR level α = 0.05.

The p-values are 0.004, 0.035× 3, 0.145× 2, 0.363× 4.

For p = p2 the interval I2 = (p2−, p2] = (0.004, 0.035] contains l = 3 p-values,

R2−
m

α = 0.01 and R2+

m
α = 0.02. Therefore sc = 1 and sf = 2.

The q-values are .194, .355, .516 respectively. We obtain

T1,3(p2) = 6q1(q3 − q2)(1− q3) + 3q1(1− q3)
2 = .227,

T2,3(p2) = 3q2
2(1− q3) = .183,

T3,3(p2) = q3
3 = .137.

For each of the three hypotheses with p-value of 0.035 the probability of

rejection is π2 = π(.035) = 3−1
∑

kTk,3(p2) = .335 and the probability of

rejecting at least one of the three hypotheses is 1 − T0,3(.035) = .547. The

p-value p1 = 0.004 is crisply rejected.

4.2 General case.

The case considered in Subsection 4.1 is straightforward because the sup-

port intervals are ordered. Consider now what happens with fuzzy p-values

{Pi, i = 1, · · · ,m} when they originate from different distributions.
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Let the observed p-values pi and corresponding intervals Ii = (pi−, pi] orig-

inate from different distributions. This means that these intervals may in-

tersect, and there is no strict ordering between them. There may be some

partial ordering. Ties are still possible but they are not the main problem. If

we generate an m-tuple of new randomised p-values, each from its respective

Unif(Ii) distribution, the new ordering may be substantially different, and

the values crisply rejected earlier can now be accepted. In this Subsection

we calculate probabilities of rejection for each of the fuzzy p-values.

Ordering all 2m values of {pi−, pi, i = 1, · · · ,m} we obtain a partition of [0, 1]

into J + 1 ≤ 2m + 1 ordered subintervals [0, 1] =
⋃

Dj, j = 1, · · · , J + 1,

where Dj = (Dj−, Dj+]. The (J + 1)st interval (DJ+, 1] has no p-values and

can be ignored. Each interval Ii = (pi−, pi] is partitioned by a connected

subset of intervals Dj (see Figure 1 for an example), each randomised p-

value Pi belongs to each of intervals Dj with probability φij = |Dj ∩ Ii|/|Ii|,
and

∑
j φij = 1. Let also δij = I(φij > 0). Then the fuzzy p-value Pi can

belong to ∆i =
∑

j δij intervals Dj. Let A = {Ad, d = 1, · · · , ∆} be the

set of all possible allocations of all m p-values to the intervals Dj, where

∆ =
∏

i ∆i. Each of these allocations Ad provides a partial ordering of m

p-values (not a full ordering because some p-values may be allocated in the

same interval). Denote by zd
i the label j of the interval to which randomised

p-value i is allocated in allocation d. The probability of an allocation Ad is

Pd = P (Ad) =
∏

i φi,zd
i
.

Given an allocation Ad, we can use the BH procedure from Subsection 4.1.
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All randomised p-values allocated to the same interval Dj are uniformly dis-

tributed on Dj and can be treated as a tie was in Subsection 4.1. The only

change in notation required is that the probabilities of rejection are indexed

from now on by the interval Dj, and not by the observed p-values as previ-

ously.

Each p-value in an interval Dj has the same (conditional on Ad) probability

πd
j of being rejected, be it 0,1, or (in the fuzzy subset) an intermediate value.

The full probability of rejecting a particular p-value Pi is

τBH(Pi) =
∆∑

d=1

P (Ad)π
d
zd
i
. (2)

To implement this calculation we need to enumerate all allocations Ad. It

would be rather straightforward to introduce an ordering on all allocations,

and to enumerate them in this order, but there are quite a few of them.

A simpler approach is to find the maximum and minimum possible ranks

across all allocations for each interval Dj. These values are associated with a

subset of randomised p-values which can attain these ranks. We can proceed

as follows.

Definition 4.2 Fuzzy BH procedure in the general case of overlap-

ping support intervals.

For each subinterval Dj, j = 1, · · · , J denote the maximum and the min-

imum possible ranks across all allocations Ad by Rj+ and Rj−. Define

sf = max{j : Dj− ≤ Rj+

m
α} and sc = max{j : Dj+ ≤ Rj−

m
α}, sc ≤ sf .
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Then all p-values in the interval Dreject = ∪{Dj, j ≤ sc} are crisply re-

jected; all p-values in the interval Daccept = ∪{Dj, j > sf} are accepted; only

p-values which can be allocated to the ‘fuzzy subset’ F = {Dj, sc < j ≤ sf}
should be investigated further.

For each allocation Ad, the rejection probabilities for each interval πd
j are

calculated using Algorithm 1. Then τi for p-value i is given by Equation 2.

The calculation of sc and sf makes the enumeration of the allocations

simpler: we have a partition of [0, 1] into sf − sc + 2 ≤ J intervals, as Daccept

and Dreject are each treated as one of the subintervals. For each randomised

p-value Pi which may belong to F , the resulting partition of the support

interval Ii contains ∆̄i ≤ min(∆i, sf − sc + 2) subintervals into which Pi may

be allocated. Overall there are ∆̄ =
∏

i ∆̄i allocations to enumerate.

j Dj− Dj+ |Dj| p-values Rj− Rj+ Aj− Aj+

1 0.000 0.001 0.001 1,3 1 2 0.007 0.014

2 0.001 0.004 0.003 1,2,3 1 3 0.007 0.021

3 0.004 0.011 0.007 2,3,4 2 4 0.014 0.029

4 0.011 0.016 0.005 3,4,5 3 5 0.021 0.036

5 0.016 0.035 0.020 4,5,6 4 6 0.029 0.043

6 0.035 0.055 0.020 5,6,7 5 7 0.036 0.05

7 0.055 0.109 0.055 6,7 6 7 0.043 0.05

8 0.109 0.145 0.035 7 7 7 0.050 0.05

Table 2: Fuzzy BH procedure example. See data in Table 1. j is the number of

an interval Dj = (Dj−, Dj+], |Dj | is its length; ‘p-values’ provides the list of p-values

which can belong to Dj , Rj− and Rj+ are the smallest and the largest ranks in Dj ,

Aj± = Rj±α/7
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Figure 1: Plot of p-values and related intersecting support intervals for the

data from Example 4, given in Table 2. Support intervals (horizontal seg-

ments) are ordered by the ranks of respective p-values on the vertical axis.

Vertical dashed lines specify 8 subintervals Dj, j = 1, · · · , 8 on the horizontal

axis.

Example 4. Fuzzy BH procedure

Consider the 7 p-values from a mixture of Binomial distributions, given

in Table 1. The support intervals partition [0, 1] into the 8 subintervals

Dj, j = 1, ..., 8 given in Table 2 and plotted in Figure 1. Here sc = 4, sf = 6.

Denote Aj± = Rj±α/7. The first 4 intervals have Dj+ < Aj− and therefore

constitute Dreject; intervals 7 and 8 constitute Daccept; intervals 5 and 6 are

the fuzzy subset F . Note that though D5+ < A5+ this is not sufficient for

crisp rejection of D5 as we shall see below. P-values which may end up in

the fuzzy subset are p-values 4 to 7. Each can belong to 3 different subin-

tervals, therefore 34 = 81 allocations are possible. Since we do not need
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to distinguish between different allocations in intervals before 5 and after

6, this number is reduced to ∆̄ = 36: the p-value 4 may belong to D5 or

to Dreject ; p-value 7 may belong to D6, or to Daccept, thus ∆̄4 = ∆̄7 = 2.

Allocations of the first three p-values do not change the ranks of the last

four p-values, and are therefore ignored. Given an allocation Ad, any p-

values allocated to D6 will be fuzzily rejected with probability π6|Ad. When

R5+ > 4, which happens every time two or three p-values belong to D5, we

have D5+ < A5+ and sc = 5. Thus every p-value in D5 will be crisply re-

jected, π5 = 1. When there is only one p-value with rank 4 in D5, it is fuzzily

rejected with probability π5 = 1 − T0,l6(D6) + T0,l6(D6)
∑l

k=1 kTk,l5(D5). Of

course this happens only when p-value 4 on its own belongs to D5, with

p-value 5 in D6, and p-values 6 and 7 in D6 or Daccept; this occurs in 4 pos-

sible allocations with l6 varying from 1 to 3. Summing up the probabilities

of rejection for each p-value we obtain τBH(P1) = τBH(P2) = τBH(P3) = 1,

τBH(P4) = 0.941, τBH(P5) = 0.632, τBH(P6) = 0.281, τBH(P7) = 0.080.

The standard BH procedure rejects the first three p-values. Note the very

high probability of rejection for the p-value 4; p-value 7 has a low probability

of rejection, it can be rejected only if it is allocated to D6.

4.3 Ties in the BH procedure.

We have not discussed the ties specifically in Subsection 4.2 since there is

no difference, theoretically speaking, between ‘original’ ties i.e. the same

p-values, and ‘virtual’ ties i.e. p-values allocated to the same subinterval

Dj. (The regions Daccept and Dreject constitute one interval each.) Suppose
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we have a tie of length l for a p-value P = Pi, and P can be allocated

to t = ∆̄i < ∆i intervals Dj. This means tl allocations of l copies of P ,

increasing the volume of computation. There is no reason though to treat

these copies of P as distinguishable. Then the number of distinguishable

allocations is the number of solutions to an equation n1 + n2 + · · ·+ nt = l,

i.e.
(

t+l−1
l

)
, a considerable saving. The probability of each distinguishable

allocation should be multiplied by its multiplicity
(

l
n1n2···nt

)
, where nj is the

number of copies in Dj.

Let f p-values Pi, i = 1, · · · , f with values in F be subdivided into fd ties

of length li,
∑

i li = f . Then the full order of enumeration for fuzzy BH

procedure is ∆ =
∏fd

i=1

(
∆̄i+li−1

li

)
.

Example 5. Fuzzy BH procedure with ties. Consider the data from

Example 2. Here again Dreject = ∪4
1Dj, F = D5∪D6, and Daccept = D7∪D8.

Only p-values 4 to 7 may belong to F . Three copies of P4 can be in three

intervals (D3 to D5), but t = ∆̄4 = 2 since P4 is either in Dreject or in D5.

Thus t = 2, l = 3, and the 33 = 27 original possible allocations of P4 are

reduced first to 23 = 8, and then to
(
2+3−1

3

)
= 4. There can be 3 copies

of p-value 4 in Dreject or D5 (2 allocations of multiplicity 1), or two in one

and one in another interval (2 allocations, multiplicity 3 each). P-values 5

and 6 may belong to three intervals, and P7 to two, making the total of

2 × 2 × 3 × 3 × 2 = 72 configurations to enumerate. Once more, the only

‘fuzziness’ in rejecting P4 results from 4 possible configurations with all three

copies of P4 in D5 on their own, whereas P5 is in D6.
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5 Discussion

Fuzzy multiple comparisons procedures are rather attractive from several dif-

ferent perspectives. Firstly, they extend the classical concept of randomised

tests to multiple comparisons. This seems to be a very straightforward gen-

eralisation, but to our knowledge it has not been suggested before. This ap-

proach makes all theory of multiple comparisons developed for continuously

distributed statistics automatically applicable to the discrete case. Only two

methods: Bonferroni (1935) [4] and Benjamini-Hochberg (1995) [2] were ex-

plored in this paper, but it should be possible to similarly generalize other

methods, Storey (2002) [17] among others. Secondly, a fuzzy decision proce-

dure ascribing probabilities to rejection of each of multiple hypotheses should

appeal to applied scientists given that fuzzy methods are rather popular in

contemporary computer-intensive applications, see, for example, Ross (2004)

[13].

An evident drawback is the amount of computation required. These proce-

dures should be efficiently programmed if they are to be of practical use. A

simple method would be to generate N sets of m p-values from
∏m

i=1 Unif(Ii),

and to estimate probabilities of rejection τi through proportions of rejection

out of N . Another attractive option to be explored elsewhere is to use im-

portance sampling methods for more efficient estimation.

FDR control at exact m0

m
α level requires independence of the p-values. But it

is worth noting that the calculation of rejection probabilities τ(pi) in Sections

3 and 4 holds regardless, due to conditional independence of the randomised
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p-values. Given that the properties of positive dependence from Benjamini

and Yekutieli (2001) [3] between components of the marginally uniform mul-

tivariate distribution of the p-values on [0, 1]m are satisfied, the randomised

BH procedure should be conservative.

Interpretation of results of fuzzy multiple comparisons procedures is not

straightforward. If a binary decision is required, a simple rule could be

adopted, say reject all p-values with probability of rejection above 50%; this

would change the FDR level though. We believe that actual probabilities

of rejection provide more information, and applied scientists may decide by

themselves which hypotheses require further exploration.
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Appendix

When we examine an interval Dj in the fuzzy subset F (where Dj = Ij in

the non-overlapping case), we need to calculate two quantities, firstly the

unconditional probability πj that a particular hypothesis is rejected, and

secondly the probability ηj that no hypotheses in the interval are rejected.

Both of these can be calculated from the probabilities Tk,lj(p1, p2) (of rejecting

exactly k of the hypotheses, for k = 1, ..., lj). Here p1, p2 are the boundaries
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of the interval Dj, (pj−, pj in the non-overlapping case).

Let the number of randomise p-values in the interval be lj, and the min-

imum and maximum ranks be Rj− and Rj+ respectively. For k = 1, ..., lj,

let αjk = (Rj− + k − 1)α/m, qjk = max(0, (αjk − p1)/(p2 − p1)) and tj =

qj(k+1)− qjk = α/m|Dj| is independent of k. From now on we suppress the j

index on the tie length lj.

We need to calculate

Tk,l(p1, p2) ≡ P{Pjk < αjk, Pj(k+1) > αj(k+1), ..., Pjl > αjl}
=

l!

k!
qk
jkP{Pj(k+1) > αj(k+1), ..., Pjl > αjl} (3)

where Pjk, i = 1, ..., l are order statistics from a Uniform on (p1, p2).

In order to calculate the probability in Equation 3, the {Pj(k+1), ..., Pjl}
have to be allocated into the intervals defined by {αj(k+1), ..., αjl, p2} in such

a way that the condition in the probability holds. Given such an allocation,

the probability is easy to calculate: it is a product of two types of terms:

P{αjr < Pj(s+1) < ... < Pj(s+u) < αj(r+1)} =
tuj
u!

P{Pjl > ... > Pj(l−r+1) > αjl} =
(1− qjl)

r

r!

(either u p-values allocated between two adjacent α’s or the largest r p-values

allocated to the top interval (αjl, p2)).

The allocations can be labelled uniquely by l − k integers, denoting the

number of randomised p-values in the above alpha intervals, eg. α1 < P1 <

α2 < α3 < P2 < P3 is denoted 102 (l = 3, k = 0). If we call these integers

nk+1, ..., nl, the probability we need for equation 3 can be written

Tk,l(p1, p2) =
l!

k!
qk
jk

∑

Z(l−k)
d

t
l−k−n

(d)
l

j (1− qjl)
n

(d)
l

∏l
i=k+1 n

(d)
i !
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where Z(l−k)
d stands for one of the allocations allowed for l−k intervals. Note

that the allocation labels depend only on l − k, not j, so can be calculated

just once for each l − k.

The allocations can be calculated in a straightforward way:

for n1 = 0, 1 {
for n2 = 0, ..., 2− n1 {

for n3 = 0, ..., 3− n1 − n2 {
...

for n(l−k)−1 = 0, ..., (l − k)− 1−∑(l−k)−2
1 nj {

n(l−k) = (l − k)−∑(l−k)−1
1 nj

allocation Z l−k
d = {n1, n2, ..., nl−k}.

},...}
We must have

∑r
i=1 ni ≤ r for each r, since the first r intervals may not

contain more than r p-values if the condition in equation 3 is to be satisfied.
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